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Abstract 

By studying singularities in stationary axisymmetric Kerr and Tomimatsu-Sato 
solutions with distortion parameter 5 = 2, 3, ■ ■ ■ in general relativity, we conclude 
that these singularities can be regarded as nothing other than closed string-like cir- 
cular mass distributions. We use two different regularizations to identify 5 -function 
type singularities in the energy-momentum tensor for these solutions, realizing a reg- 
ulator independent result. This result gives supporting evidence that these axisym- 
metric exact solutions may well be the classical solutions around closed string-like 
mass distributions, just like Schwarzschild solution corresponding to a point mass 
distribution. In other words, these axisymmetric exact solutions may well provide 
the classical backgrounds around closed strings. 
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1. Introduction 

Since its first discovery in general relativity in 1916 [1], it has been well understood that 
the Schwarzschild solution describes the classical gravitational background around a point 
mass. If there is a mathematically rigorous 'point mass' in reality, it is natural to expect a 
basic and simple classical solution in general relativity that describes the space-time around 
such a 'point mass'. On the other hand, developments in string theory [2] tell us that such a 
'point mass' description of a particle is unrealistic due to divergent self energy, but instead, 
it must be replaced by a more 'smoothed' one, like a circular mass distribution in closed 
string theory [2]. 

However, if that is really the case, and such a circular mass distribution is a fundamental 
physical entity, it seems unnatural that no basic exact classical solution has ever been discov- 
ered as the fundamental classical background around such a circular mass distribution, as an 
improved version of Schwarzschild solution, or as more physically realistic mass distributions. 
For example, Chazy-Curzon solution [3] gives a simplest metric around a static axisymmct- 
ric mass distribution. However, its actual mass distribution is not at a finite radius, but is 
confined to the origin as a certain limit. What is missing is the classical background solution 
around a circular closed string like mass distribution with a finite radius. 

The idea of studying classical solutions in general relativity around singular mass distri- 
butions is also motivated by the recent developments in brane theory known as braneworld 
scenario [4] [5], or Randall- Sundrum scenario [6] in which the matter distributions are limited 
to the four-dimensional (4D) brane hypersurface embedded into 5D with 5-function type 
singularities. Such singularities on submanifolds or boundaries play an important role in 
brane theories, inducing a special effect such as desirable mass hierarchies crucial to phe- 
nomenology in 4D [6], or embedding lOD supergravity into IID [4]. As a matter of fact, 
some ideas relating the singularities in the Kerr solution in general relativity [7] to strings 
[2] have been proposed in [8], or a new concept of Bekenstein-Hawking black hole entropy 
interpreted microscopically in terms of elementary string excitations has been presented [9]. 

From these developments, it seems natural to consider the physical significance of the 
singularities in stationary axisymmctric exact solutions in vacuum in general relativity, in 
particular, their possible link with singular mass distributions that resemble closed strings. 
Some of these exact solutions may well be analogous to Schwarzschild solution [1] that 
corresponds to a point mass distribution. In our present paper, we try to show that the 
series of axisymmctric solutions in vacuum, starting with the Kerr solution [7] and the 
Tomimatsu-Sato (TS) solutions [10] [11] with the distortion parameter 5 > 2 seem to 
describe nothing other than the classical backgrounds around circular mass distributions with 
coaxial radii with naked singularities for g > 1 [10], resembling closed strings themselves. 
To put it difi^erently, we try to show that the naked singularities in TS solutions with 5 > 
2 [10] [11] can be interpreted as closed string-like mass distributions. As a methodology, 
we adopt regularization schemes similar to that in [12], i.e., we use Yukawa-potential type 
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regularizations with an exponential damping factor, that give the right coefficients for the 
5-function hke mass distributions. In ref. [12], this regularization was apphed successfully to 
the cases of Schwarzschild and Kerr solutions. In our present paper, wc generalize this result 
to the more general case of TS solutions with the distortion parameter 5 = 2, 3, ■ • ■ [10] [11]. 
We use two types of regulators: The first one is equivalent to that in [12], while the second 
one is its slight modification. By comparing the results of these two regulators, we will 
demonstrate no regulator dependence in our results, which may be taken as the correctness 
of our physical interpretation of the ring singularities as closed string-like circular mass 
distributions. 



2. A Preliminary with Circular Charge Distribution for Coulomb Potential 

We first analyze the case of circular charge distribution for the case of an electric field with 
a Coulomb potential, as a preliminary for the later case of TS solutions in general relativity. 
Consider a circular charge distribution at radius p = a on the equatorial -plane with 
constant line charge density a in cylindrical coordinates {p,Lp,z). Wc need to get the 
Coulomb potential ip, z) around such a distribution, satisfying the Laplace equation 
= 0. Next, given such a result for (p, z), we want to reconstruct the original charge 
distribution, which should contain 5{p — a) 5{z). The latter scenario is highly non-trivial, 
because if we blindly substitute the result for (/?, z) back into the Laplace equation, 
we get zero everywhere, by definition. What is required here is the careful treatment of the 
singularity at p — a and z — 0. In other words, we need a good regularization to handle 
the singularity. 

There are several regularizations to treat such singularities. In this paper, we adopt finite 
mass regularizations, based on the 3D 'massive' Laplace equation 

A30-«2(/) = O , (2.1) 

that replaces the original 'massless' Laplace equation. 

The Coulomb potential (f){p, (p, z) around the circular charge distribution can be obtained 
by the use of a massive Green's function of the Yukawa-potential type e~^'^ /r, where r — 
[ (pcos(/9 — acost?)^ -|- (psin(/9 — asin-i?)^ + z^]^/^ is the distance from the charge between 
the azimuthal angles d ^ d + 5d on the circle p = a on the a;?/ -plane and the point 
{pcosp, psinp, z). Let us call such a small contribution 6(f) to the total potential 0. The 
total potential (p is obtained by superimposing 6(j) over < ?9 < 27r at p = a: 



„ „27r (T«r^'' V ''/"■"^ >-'-" "'^ 1^ )- + (/) sill ^--(( sill + 

(j){p,p,z) ='^S(j)= I d(t) — I . = 

A/(pcos</7 — acos'j?)^ -I- (psin(/7 — asini?)^ -I- 

„2-K g— p'^+z^-iro?— 2ap COS 

^aa d-d .. = , (2.2) 

^0 \/p-^ + z^ + — 2ap cos v 



\/ p'^ + z'^ + — 2ap cos ' 
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where the </? -dependence has disappeared in the final expression, because of the periodicity 
of the original integrand under d — tp — > d — ip + ^i:, also consistent with the axial symmetry. 
Due to its complicated nature, the final result in a closed form is more involved than elliptic 
integrals, and thus the -integral here is not analytically performed. 

Given such a Coulomb potential 2;) in (2.2), our next question is whether we 

can 'reconstruct' the original charge distribution singular at p = a, z — As has been 
mentioned, putting simply k = from the outset will lead to a vanishing result by definition. 
One method to avoid this is to compute / d^x^^cf) by equating it with / d^xK^cf), under 
the massive Laplace equation A^^ — = 0: 

/r- r-2-K g-K-\/ (O^+Z^+fl^ -2ap COS l9 

d^x K^d) = aa d^x / di!) , ^ ^ 
^ J Jg s/p^ + + -2apcosi} 

POO POO 1-271 p2n g-Ky'p2+z2_|.„2_2apcos)? 

— aan^ / dp dz I d(p d'd p —j== . (2.3) 

h J -00 Jo Jo \/ p^ + z^ -\- — 2apcosv 

The question now is whether or not the integral I{k) in (2.3) gives a non-vanishing 
finite result that corresponds to the right total charge q = 2naa, after the limit k ^ 0+. 
To this end, we first change the coordinate variables from {p,if,z) to {r,9,(f), such that 
its Jacobian equals the familiar value r: 

p2tt poo ptt ^-KVr'^+a^ sini? 

I(k) = 27raaK^ / di!) dr dOr , — = ir cos 9 + a cos 

^ ' Jo Jo Jo Vr2 + a2 sin' 1? 

„27r POO ^ Q-KVr^+a^ siwd 

= 27r(jaKM d^ dr , — — (2r + 27ra cos -d) . (2.4) 
Jo Jo Vr2 + a2 sin' ^ ^ ' ^ ' 

Here we have performed the -integral. We have developed in [12] the following lemma 
about the r -integration such as in (2.4) for m < 4-1: 



ire- ^ (° ;'" = °;,r'' (as .^0-) . (2.5, 

^0 yl [m — +1) , 



roo 



To use this lemma in our case, we use a new variable 77 = -\/r'~+6' — h (6 = a sin i?) , and 
expand the integrand around rj — —1. Thus the first term in (2.4) is 



io Jo Vr' + 6' h Jo ' rj + b 

2lT POO 



/■ZTT POO 

= AnaaK^ / d^ e"*^^ / ^77 (77 + 1) 
JO Jo 

= Anaa / d^ e-""^^"^ + OU) = Airaa / d^il- Ka sin 1?) + 0(k) 
Jo Jo 



SttVo (as K^O^) . (2.6) 



Similarly, the second term in (2.4) can be shown to be zero after k — > 0"*", and therefore we 
get the desirable result 

I{k) SttVo = 47r(27ra(7) = Anq , (2.7) 

for the total charge q = 2'Kaa on the circle. 

Since we have obtained a non- vanishing finite result for /(/t), it is natural to identify 
the integrand with a combination of 5 -function such as 5{p — a) 5{z). However, there are a 
few caveat for such an identification. For example, we have to make sure that the integrand 
before the / d^x -integration vanishes almost everywhere except for (p, -z) = (a, 0). We 
can itemize such criterions for the identification with the 5 -functions, as follows, by letting 
/(p, z] k) be the integrand in I{k) = f (Px f{p, z; k): 

(i) \imf{p,z;K) ^ ^ = , (2.8) 



(ii) lim limf{p,z;K) =0 , (2.9) 



2^0 



^0+ z^O 



(iii) lim lim f{p,z;K) =0 , (2.10) 



(iv) lim lim f{p,z;K) = oo , (2.11) 

(v) lim [ d^xf{p,z;K) =87r^aa . (2.12) 

Eq. (2.8) is to guarantee that the integrand is almost everywhere zero, while (2.9), (2.10) and 
(2.11) imply that the integrand has a singularity only at points satisfying both p = a and 
z — 0, i.e., the circle with the radius a from the origin on the equatorial -plane. 
Eq. (2.12) has been already satisfied by (2.6). Now, (2.8) is manifestly satisfied, because 
there is no other singularities in f{p,z; k) other than the points on (p, z) — (a, 0). For the 
same reason, eqs. (2.9) and (2.10) are also satisfied. The remaining one (2.11) can be also 
confirmed as 



-Ka smx 



lim f{p,z]K)=AK^ / dx = oo , (2-13) 

p^a, z->o Jo 2a sin x 

for X = d/2. This is due to the logarithmic divergence at a; — > 0. 
Since the criterion (i) through (v) are satisfied, we can identify 

lim K^p ., = = 47rS(p-a)5(z) . (2.14) 

'^Jo y/p^ + z' + a:^ -2apcos'& VP ^ w \ / 



3. Ring Singularities and Circular Mass Distributions for TS-Solutions 

Once we have understood the basic case of circular charge distribution for Coulomb 
potential, it is much easier to handle similar singularities in TS solutions [10] [11]. As has 
been mentioned, we will adopt the previous method in [12], which is also consistent with the 
criterions above. 
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The Kerr metric [7] is classified as a generalization of the Schwarzschild metric [1] due to 
rotation, while Weyl metric [13] is another generalization due to deformation. The general- 
izations due to both rotation and deformation yield TS metrics [10] [11] with the distortion 
parameter 5 = 2, 3, ■ ■ -. In particular, the case 6 = 1 of the TS metric [10] is equivalent 
to the Kerr metric [7], while in the cases of 5 > 2 there are naked ring singularities lying 
outside non-singular event horizons. These 'naked' ring singularities outside event horizons 
serve as actual circular mass distributions in our work. 

We start with the metric of axisymmetric TS solutions with the general distortion pa- 
rameter 6 = 1,2, ■■■ [10]: 

ds^ = -e^'^idtf + m^e^'^idif - VLdtf + m'' e'"'^ {dxf + m'' e'"'^ {dyf , (3.1) 



^ p\x' - l)B ^ (1 - y')D ^ ^ 25\C 

D ' S^B ' mD ' 

~ 5 V^-2(a;2 - l)(a;2 -1/2)62-1 ' - §2^25-2^1 _ y2^ (^^2 _ y2y^-i ' V^- ; 

where A, B, C and D are respectively the polynomials of x and/or y with the respective 
degrees 2(5^ 25^, 25^-1 and 25"^ + 2. 

The ring singularities exist as the zeros of the algebraic equation B = [10] [11], lying 
on the y = equatorial plane at finite coaxial radii x = xi, X2, ■ ■ • , Xg which are the 
zeros of -B|y=o = 0. Our task is to show that the corresponding energy-momentum tensor 
have 5 -function type ring singularities at radii x = xi, ■ • • , Xg, on the equatorial 
plane at y = 0. 

To this end, we look into the corresponding Einstein tensor = R^'^ — {l/2)g^^R, 

with an appropriate regularization like that in [12]. The 'regularized' total energy or mass 
for such an exact solution is given in a closed form by [14] 

Jy j^^ dx[-e^-''{e-^^{e^%}^-e^-^{e-^\e^^)y\ 

- e-^{e-~^^-~^^{e%}^ - e-^{e-^-^^(e^),}^ 

4 X ^ y ' \ ' / 

The xo is the lower limit of the x -integration [10]. All subscripts of coordinates denote 
differentiations with respect to the coordinates, e.g., {e^)y = dyC'^ = de^/dy [14]. Following 
ref. [12], we have regularized the functions 112 and 113 by a Yukawa-potential type damping 
factor, denoted by /i2 and Jls: 

gM2 = gM2^ , e^^ = e''^S , S = l + bae-''^ , (3.4) 



where & is a non-zero real constant independent of o; > 0, to be fixed shortly. Since we are 
interested in the case a > m (equivalently q > 1) to see naked singularities in TS solutions, 
we use also x — +ix, p = —ip appropriately [10] [11] [15]. The ^ in (3.4) is defined by 
^ = X — Xo = —i{x — Xo) with the range < < oo. We use in this paper the exponent 
— aC, in the regulator mimicking the previous Coulomb case (2.2) or as in [12]. However, in 
the next section, we will use a slightly modified regulator, in order to see possible regulator 
dependence. If we take the limit a — > 0"*" before the x and y -integrations, we simply get 
zero, satisfying the basic criterion hke (2.8) in the Coulomb case. 

Since the regulator S in (3.4) is inserted only into e^^ and e^-^ the effect of the regulator 
in the integrand will arise only when the derivatives dx and/or dy hit the regulator S at 
least once: 



+ 



+ 



+ 



/I roo 
dy 
-1 J£o 



m 



-1 
1 



CXD 



ip—u 



j}y 



dy / di 







- e 



1p — V 



^dy[e^-^'^-''S-^{e^'^S)^ 



^=oo 
5=0 



TO 
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y=l 



(3.5) 



In the first term wc have a sign flip caused by the imaginary unit in ^ = x — Xq = — z(,t — Xq). 
Wc have also performed partial integrations under the x and y -integrations. The last two 
terms on the boundaries have no contributions when a — >■ 0^, since they are at 0{a'^). 
The second term in (3.5) is seen to be zero because at least one derivative dy should hit 
S which in turn is independent of y, yielding a zero contribution. This is because unless 
there is a y -derivative on there will be a cancellation between and which is 

exactly the same as the non-regularized case. 

The only term remaining in (3.5) is 



TO 

4 



dy / dE, 



6p 



ll-y"^ D 
x"^ -IB 



^ c-lc 



(3.6) 



which can be shown to be nonzero and finite. To this end, we need a special lemma for the 
factor e!^"^ involving B and D for a general 



B^p'^'x^'" +0{x''^-') , D ^ p''+-'x'''+'' + 0{x'''+') 



„2<52-l\ 



25+2^252+2 



,252+1^ 



(3.7) 



justified by the solution for a general S for the polynomial A [10]: 



\a\ 



r=l 



-1)^"*"^ dr+l fr Cg^Fr 



V 
A 



Fr = ^ , r> = det 
((5-r)!(2r)! 



r+r'—l 



c =2 

o,r 



r + r' — l 
, df = 



, A = det ( 
(2r-3)!! 



1 



(2r-2)!! 



r -\- r' — 1' 

/,^pV-ir+?'(y'-ir 



(3.8a) 

(3.8b) 
(3.9) 



where (or A^) is the co-factor of the determinant V (or A) for the (l,r) component. 

We can prove that only the term with Vi, among S terms in the sum in (3.8), has the 
highest power in x: Vi ^ p'^^~'^x'^^^~'^ + 0{x'^^^~^). Note thai Vr is proportional to 

" (^"^ ^in^2i, • • • • • • Vsi, 

where T>ij is the -component of the determinant matrix in (3.8b), e.^'., V2i^ 0{p^{x'^ — 
lY+i2-ij^q2(^y2_iY+n-i^ C)(a;2+^2-i), etc., while a 'hatted' factor or term is to be skipped 
in the product or sum. Now it is clear that the highest power of x arises only in the case 
of r = 1 with ii — 1, so that 

Pi ^ (p2)5-l(^2)2(5-l)(5-2)/2-5+l ^ ^25-2^25^-2 _ (g^;^^) 

Therefore, only the term with Fi in (3.8a) has the highest power: 

A^p^'x^'' + 0{x^''-') . (3.12) 
Recalling other relevant relationships [10] [11], such as 

|/3|2 = -ii2^-t;2_^2_^2 ^ B = {u + mf + {v + nf , 
a = u-\-iv , P = m + in {u, v, m, n & M) , 

j:c^Fr , DA^p'{x'-l)B'-ASy{l-y')C' , (3.13) 

r=l 

we see that 



A = 






a 


e = 




G = 





G ^ c^^^F^ ^ Sy-'x'''-' + 0{x'''-') ^ =^ (5^ Sp'-'x''-' 

Ap^u^ -ni^ ^ p'^^x'^^^ =^ M « p^x^^ , (3.14) 

SRi(ii + m)^«pV , D^^^^^p^'+V+^ , (3.15) 

yielding (3.7). The symbol ~ denotes the omission of lower power of x. 
We now use these leading terms for the evaluation of (3.6): 

v2 rl 

46' 

= ^ /' r ^« [ K + 1) + + 1)°) ] + - ■ 

as a ^ 0"*", where we have relied on the lemma (2.5). This gives the total mass in (3.5) 

lim P° = m , (3.17) 

a— >0+ 



m 



P' - ^ £ dy f + ^o)^ + 1 e-"« [ 1 + 0(a) : 



agreeing with the asymptotic mass [16] after the identification 

. (3.18) 

P 

Our remaining task is to confirm the criterions for identification of the integrand with a 

desirable combination of 5-functions, hkc (2.8) - (2.12) in the Coulomb case. Our present 
ones for the integrand g{x,y;a) under J dy J dx in (3.3) can be dictated as 

(i) lim g{x,y;a) ^ = , (3.19) 



lim Urn g{x,y;a) ,^ = , (3.20) 



(iii) hm lim g{x,y] a) —0 , (3-21) 



(iv) lim lim g{x,y; a) = oo , (3.22) 

(v) lim / d^x g{x, y; a) — (finite and non-zero) . (3.23) 

As before, (3.19), (3.20) and (3.21) are easily seen to be satisfied, while (3.23) has been 
already confirmed in (3.16), leaving (3.22). The only non-trivial singularity at (x^y) 
[xi, 0) (i = 1, 2, 5) in (3.22) must arise from the first term in (3.5) out of its four terms, 
because only this term had non- vanishing contribution at a 0~^: 



, (3.24) 

j/=0 



after the limit y ^ is taken. Now the question is about the behaviour of the combination 
D/B at y = 0. To answer this question, we have to postulate the general polynomial 
structures oi A, B and C at y — Q as 

A\y=Q = (x - Xi){x - X2)---{X- X^) A252^s{x) , 
B\y=Q = {X- Xif{x - X2f ■■■{x- X^f B252-2s{x) , 

C\y=Q ^ {x - xi){x - X2) ■ ■ -{x - Xg)C2S2-s-i{x) . (3.25) 

The A2S2-s{x), B2S2-2s{x) and C2S'2-s-i{x) are respectively polynomials of x whose 
degrees are denoted by their subscripts, and they are supposed to have no zeros at x — 
Xi {i = 1, 2, s). These postulates are based on the following facts [10]. First, the space-time 
singularities causing the Riemann tensor to blow up, occurs when two conditions u + m — 

and y = are met [10]. In particular, there are only n zeros at x = Xi (i = 1, 2, s) for 
the equation u + m = 0. Second, in terms of a = u + iv, f3 = m + in as in [10], 
V = n = at y = 0. Third, the polynomial {u + m) at y = is supposed to have 
simple zeros at x = Xi, and therefore B ^ {u + rnf has double zeros at x = Xi. Fourth, 
A = {u + m){u — m) + {v + n){v — n) has simple zeros at x = Xi, due to the structure 

9 



{u + m){u — m). Fifth, we assume the form of C above, based on the exphcit cases of 
S^l and 5 = 2 [10]. 

Once we specify the structures (3.25), it follows from (3.13) that 

D\y=o^ +p{x - i){x-xiy---{x-xy— 

- iSVix -x,)---{x- X,) -^-1)' . (3.26) 

Obviously there are simple poles in the combination D/B\y=o at x = Xi, because the second 
term here will generate simple poles after being divided by B in (3.25). Therefore at least 
one of such poles remains after the differentiation = in (D/B)^ in (3.24). This 
establishes the singularity (3.22), and therefore we have the satisfaction of all the criterions 
for the identification of the integrand g{x, y; a) with the combination of the 5-functions: 

T''-7^-Pr^i:S{S-x,)6{y) . (3.27) 



The previous case for Kerr solution in [12] can be now re-obtained as the special case of 
5 — 1. Recall that the coordinates {x,y) are related to the famihar Weyl's canonical 
coordinates (p, z) [10] [15] as 

p = ^V(^^ + l)(l-y^) , z^'fxy, (3.28) 

so that (3.27) implies that we have the ring singularities at the radii p = pi = 
mp\J xj + 1/5 (i = 1, 5) corresponding to x = Xi on the equatorial plane at z = or 
equivalently y = 0, as desired. 

To turn the table around, our result can be re-interpreted in the following way: Suppose 
we are provided with the closed string-like multiple circular mass distributions (3.27). In 
total, there arc 5 closed strings with different radii at p = pi. We can then obtain the 
exact classical gravitational background solution around such mass distributions, which are 
nothing other than the series of TS solutions with the distortion parameter 5 [10] [11]. 
In other words, our result has the significance that the classical gravitational background 
around multi closed strings can be given by the series of TS solutions [10] [11]. 



4. Regularization Independence 

We have chosen so far the particular regulator (3.4), mimicking the case of Coulomb 
potential (2.3). However, this does not have to be the only regulator for gravitational 
singularities. As a matter of fact, the exponent of a regulator does not have to be a linear 

10 



function like — a^, but it may be a quadratic function, such as — if its purpose is just 
to get the finite ^-integral at ^ — > oo. Namely, we now consider replacing S in (3.4) by 



(4.1) 



with a nonzero constant c, and we take the limit < (3 ^ 0^ at the end of computations. 
The particular power of (3 in the exponent or that in the outside of the exponential function 
have been chosen, such that the final result is neither trivially zero nor divergent. In what 
follows, we briefly study the potential difference between this and the previous result (3.16), 
and show that there is eventually no regulator dependence. 

Among the four terms in (3.5), the last two terms on the boundaries do not contribute, 
while the second term is also zero for reasons similar to the previous regulator. The remaining 
first term in (3.5) is now 



25 

mpc 



f a2(e + 1)^ + ai(e + 1) + ao + ^ + + 0{{^ + 1)"^) 

(02/2 + aih + ao/o + + a_2/-2 + ■ ■ 



(4.2) 



Here we have expanded the integrand other then the factor e"'^^'^ in terms of ^ + 1 instead 
of ^ itself in order to avoid the singularity at ^ = 0, with the coefficients 02, oi, • • •. The 
/„'s are defined by 



/„= / dC/3'-"(C + /3) 

Jo 



(4.3) 



(as /3^0+) . 



(4.4) 



with C, = (3^. Among these I^s, we can show that it is only I2 whose limit is non-zero 
when P — > 0"^, similarly to the lemma (2.5): 

ro (n = l, 0, -1, -2, •••) , 

In fact, Ji ^ 0, Jo — * arc easily proven, while we need the inequality < I^rn ^ 

-e 

- fl2+m / _ /C}2+(m-l) / ^ 

-m 



.(rn-1) for (m = 2, 3, ■ ■ ■) s 

POO 

< 7_^, = / dC 
Jo 

< 



(C + 

^2+(m-l) r^^, e- 

Jo 



= I 



-(m-1) 



(c + f^r-' 

Therefore, all the I-m^ are bounded from above by /_i which in turn goes to zero: 



(4.5) 



< 7. 



roo 

-1 = / dC 
Jo 



< 



dC 



C + P 







dC 



C + P 



roo 



p' 



C + P 



+ 



dCje< 



P^ ln(/3 + l)-(3^\n(3 + (3^0(P°) 
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, (4.6) 



as /3 — > 0+. Now < /-^ < < • • • < I-i — > implies that lim^_^o+ I-m — {m — 

1, 2, • • •). Using this in (4.2) yields the desirable result 

lim = m , 

/3-»0+ 

if the constant c is normalized as c = 85/ (a/ttp), since 02 = 1 from (4.2). 

As for the criterions (3.19) - (3.23), the most important pole structure in (3.24) out of 
(\/a;2 — ID/ B)^ remains the same, even though the last factor is now replaced by S~^S^. 
Therefore, all criterions are satisfied as in the previous regularization, leading us to the same 
identification with the (5-functions as in (3.27). 

This independence of regularizations is the reflection of the fact that the contribution to 
the total integral comes solely from the leading terms in the energy- momentum tensor T^^ as 
the integrand. This also strongly indicates the 'physical' correctness of our interpretation of 
the singularity as the closed string-like circular mass distributions. 



5. Concluding Remarks 

In this paper, we have shown by explicit computation, with the appropriate regulator (3.4) 
that there exist ring singularities in the energy-momentum tensor for general TS solutions 
at the coaxial radii p = (i = 1, 5) on the equatorial plane at z = 0, that can be 
identified with the (5-function like singularity (3.27). As the guiding principle, we followed 
the case of circular charge distribution for Coulomb potential with a massive Yukawa-type 
damping factor, which also provides the criterion to be satisfied for the identification of the 
integrand with a combination of 5 -functions. Thanks to the generalization in ref. [11] of 
the TS solutions in [10] to 1 < 5 < 00, we have been able to generalize our result to an 
arbitrary number of the distortion parameter 5 which corresponds to the number of ring 
singularities. In particular, there are naked singularities outside the event horizons in the 
cases S >2 which may well be actual closed string-like mass distributions. 

It has been well-known that the asymptotic mass for a given exact axisymmetric gravita- 
tional solution can be obtained by the asymptotic behaviour of such a solution at r ~ 00 [16]. 
However, such a method is not explicit enough for us to identify the singularities in the solu- 
tion with the closed string type mass distribution. One of the reasons is that the asymptotic 
behaviors are associated with global boundary effects, which are not detailed enough to 
describe 'microscopic' mass distributions. In other words, our methodology provides more 
direct and explicit links between exact solutions and mass distributions. We stress that the 
mass distribution in energy-momentum tensor is a 'physical entity', and it is not just an 
'effective mass' observed only at infinity which is indirect or implicit. 

We have also used in this paper two distinct regularizations (3.4) and (4.1), and have 
demonstrated that our result = m is independent of a particular choice of regulators. 
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(4.7) 



This is because the contributions to the total integral came from the 'leading' terms in 
the expansions, such as the highest power in (3.16), or the structure of zeros in (3.25) and 
(3.26). The analogous result in the Coulomb case also provides a justification of such a 
regularization based on a 'physical' consideration. In other words, our method is not a 
reflection of a mathematical artifact, but is a 'physical entity' with the total mass m. We 
also mention that, as is usually the case in physics, once physical interpretation is correct, a 
regularized finite result does not depend on the choice of regularizations. 

If superstring theory [2] really describes the ultimate microscopic scales around the Planck 
mass, it implies the existence of singular mass distributions as 'physical objects'. These mass 
distributions are required to be rigorously singular, i.e., there must be no smearing effect 
on such singularities. Prom this viewpoint, it is natural that the gravitational background 
around such singular mass distributions exist in a relatively simple and fundamental form, 
such as generahzed TS solutions for 6 > 2 [10] [11]. Our result in this paper has provided 
supporting evidence for such philosophy. 

In the Randall- Sundrum scenario [6], the 4D non-gravitational fields are supposed to exist 
only on branes embedded in 5D. Accordingly, all the non-gravitational physical fields are 
represented as a 5 -function singularity in the energy- momentum tensor [6] . Similarly in the 
braneworld scenario [4] [5], lOD supergravity can be embedded into IID supergravity, again 
within certain 5-function type singularities. The common feature between the braneworld 
scenarios and our result is that the 5 -function singularities represent important physical 
entities. Therefore it is natural to identify the singularities in the energy-momentum tensor 
in certain axisymmetric exact gravitational solutions in vacuum with S -function type closed 
string mass distributions. 

In the cases of 5 > 2 of TS solutions, there are in total S ring singularities, some of which 
may be completely hidden by event horizons, in addition to 'naked' ones lying outside of non- 
singular event horizons [10] [11]. Our original motivation for studying the TS solutions with 
S >2 was that these naked singularities are more 'physical' than the hidden ones, because 
they are more likely to be actual closed string-like mass distribution. However, in our actual 
computation (3.16) for the identification P° = m, we did not distinguish them. This is due 
to the philosophy that it is the total mass m that should agree with the asymptotic mass 
m [16], which of course includes those mass distributions inside event horizons. Or more 
intuitively, any mass distribution, even if it is hidden inside of event horizon, is 'visible' from 
outside the horizon. To put it differently, we know as a simple fact that even a point mass 
inside the event horizon in Schwarzschild metric definitely attracts a test particle outside of 
the event horizon. From these viewpoints, there is nothing contradictory in our prescription 
of identifying all the ring singularities. It is also true that the cases of 5 > 2 [10] [11] have 
more 'naked' closed string-like mass distributions which are much more 'real' than those 
hidden by event horizons. 

Despite the fact that we may need more supporting evidence based on alternative regu- 
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larizations, our first results provide strong evidence of closed string like mass distribution for 
axially symmetric exact solutions. In other words, the general TS solutions can be regarded 
as classical backgrounds around closed strings. Since the distortion parameter 6 corre- 
sponds also to the number of the ring singularities, i.e., the number of rings, it is legitimate 
to regard 6 as nothing other than the number of real closed strings with 5 -function type 
mass singularities. We believe that the encouraging results in this paper provide an entirely 
new directions to be explored both in the context of superstring theory and general relativity. 
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